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PICTORIAL STUDIES OF MOLECULES 

I. Molecular Orbital Density Comparisons 
of H2, L i 2 , B2, C2, N2, O2, a n d F2 

b y 

Arnold C. Wahl 

ABSTRACT 

Contour diagrams of the molecular orbital and total 
electron densities of the homonuclear diatomic molecules 
H2, Lij, B2, C2, N2, O2, and F2 are presented on a consistent 
basis convenient for comparison. These diagrams are cal­
culated and drawn automatically by programs written by the 
author for the CDC-3600 computer. The molecular orbitals 
used in this study are the result of recent self-consistent 
field calculations and are thought to be very near the Har t r ee -
Fock orbitals . The importance of such visual presentations 
is s t ressed , and further use in studies of chemical bond for­
mation and molecular ionization indicated. 

INTRODUCTION 

For many years , physicists and chemists have been attempting to 
construct an adequate naodel of molecular s t ructure . The major difficulty 
in constructing such a model within a r igorous nnathematical framework 
a r i ses from the current ly intractable, multidimensional differential 
equations which quantum mechanics demands as the proper description 
of such systems of electrons and nuclei. 

One of the most fruitful approaches to this problem was introduced 
in 1932 by R. S. MuUiken. In a now classic paper , ' he developed for mole­
cules the orbital theory, or "shell model," which had proven so useful in 
molecular spectroscopy and also as a working intuitive set of symbols for 
quantum chemists . The essence of the theory is that electrons occupy 
distinct orbi ta ls , which may be character ized by a set of space and spin 
quantum numbers , and from which the total molecule may be constructed. 

Until recently, however, the quantitative accuracy of this orbital 
model was poor, and it found its greates t use as an interpretive tool. Today, 
due to the rapid development of large electronic computers and the 



concurrent sophistication in their use, it has become possible to perform 
the tremendous amount of algebra and arithmetic associated with the 
rigorous mathematical calculation of the exact propert ies of this shell 
model for diatomic molecules.^"^ An important outcome of these calcu­
lations is that the model is now documented and its usefulness being 
demons t ra ted . ' "" However, if the advances and refinements of this model, 
which have been made possible by high-speed computers , a re only to be 
described in complex mathematical language or in t e rms of vast undigestible 
(and often misleading) numerical tables, they will have limited value. 

Further , it has been in their utility in the past as a general , quali­
tative symbol that such models of molecular s tructure have proven very 
useful in providing new concepts for both experimental and theoretical 
investigators. 

The above considerations motivated the present computational task 
of displaying directly these calculated molecular orbital and total molecular 
densities. It is further hoped that this effort provides an example of the 
presentation of the output of computer computations in an obvious, compact, 
and provocative way, making a part of the rich rewards of these calculations 
more readily available to a wider, and therefore potentially more ferti le, 
audience. 

REVIEW OF THEORY 

According to molecular orbital theory, ' the electronic s t ructure of, 
for example, the fluorine molecule (F2) is written 

l a | laJi 2 a | 2a^ ITT^ 3 a | ITT^: ' Z + , 

which designates that there are two electrons in the lOg, l^u. ^'^g- 20^, 
and 3ag shells and four electrons in the ITT^ and iTTg shells , and ' E t is the 
spectroscopic notation for the ground state of the F2 molecule. The cor­
responding electron configurations of the molecules studied in this work 
are given in Table I. 

Mathematically, the total N electron-wave function is put forth as 
an antisymmetrical product of MSO's (Molecular Spin Orbitals):^'^ 

X^ = 0^(^) r,^, (1) 

where the superscript n stands for the space and spin coordinates of the 
/Li'" electron, and the subscripts K. and i label the different MSO's and MO's 
(Molecular Orbitals), respectively. In the following discussion the super-
criptju and subscript fc are dropped to simplify the presentation to the 
features necessary in this pictorial study of the molecular orbitals 0^. 



To find the molecular orbitals , the total energy of the molecule 
would be varied with respect to the form of the molecular orbitals and the 
minimum found. However, due to current mathematical obstacles, the 
most convenient method of finding the molecular orbitals 0i is to expand 
them in t e rms of a set of suitable expansion functions Xp. 

*i= Z ^ X p . (2) 
P 

where the C- 's a re determined by the variational procedure, customarily 
through the i terative SCF (self-consistent-field) process.^'^'^ 

In pract ice , a very close approximation to the molecular orbitals 
can be obtained in this way. Recent calculations of this type, utilizing 
analysis and computer programs developed by the author,^'^ have resulted 
in the determination of the molecular orbitals for a large number of 
diatomic molecules in the form of Eq. (2). These functions,^•^"" which are 
thought to be very close to the Har t ree -Fock (i.e., the molecular orbitals 
demanded by theory) result , ^were used in the pictorial calculations p r e ­
sented in this report . 

DENSITIES AND CONTOURS 

At this point, in order to clarify the diagrams of the shell model, 
it is convenient to introduce two new indices X and a, which indicate, 
respectively, the symmetry species and subspecies of the molecular 
orbitals <p^. The electronic density p^x associated with the iX'h niolecular 
shell at a point r in space is defined by 

Pix(£) = e 'Nad-^' Y *iXa(£) * a a ( £ ) . (3) 
a 

where we have now grouped the molecular orbitals <t>^X(x according to their 
symmetry species X and their subspecies a, and have defined the density 
of shell iX, which contains Ni\ e lectrons, in t e rms of the sum over the 
modulus squared of the d-^ degenerate molecular orbitals making up the 
shell. The total electron density p(r) of the molecule is then given by 

P(r) = Z Z Pixit) (4) 
X i 

and is thus the sum of the densit ies of all shells making up the molecule. 
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The density associated with one of the d;;̂  degenerate molecular 
orbitals 0j>|-, making up shell iX is 

PiXa(':) = Pix(l)/dx. <̂ ^ 

which is just the shell density divided by the number of degenerate molecular 
orbitals making up the shell. In the diagrams presented in this report , 
the total density [Eq. (4)] and the orbital density [Eq. (5)] have been plotted. 
(For a symmetry, dĵ  = 1, and thus the orbital density equals the shell 
density; for TT symmetry in diatomic molecules, d;̂  = 2, and the orbital 
density equals half of the shell density. The molecular shells and their 
occupation N^̂  are given in Table I for the molecules studied. The only 
molecular symmetries occurring in this work are Og, a^, Tt̂ , and Ttg. ) 

In what follows in this section, the symmetry indices X and a of the 
orbital density PiXo^t) will be suppressed since they are unnecessary for 
the description of the contour drawing process . 

An orbital contour line indicating a density C in the xz plane (p and 
p^ for diatomic molecules are cylindrically symmetric about the z axis, and 
plots in any plane containing this axis convey complete density information) 
may be defined by the equation, 

Pi(x, z) = C, 

and its path by the relation, 

dpi dpi 

- d 7 ^ ^ + - d r ^ ^ = 0. 

which gives the direction of the tangent to the contour at any point on it 
to be 

Ax ^ dpi/dz 
Az " dpi/dx' ^^' 

A step As = (Ax^ + Az^) is taken along this tangent, and a density found 
such that 

pj(x+ Ax, z+ Az) = C + Api. (7) 

Then a correction is applied perpendicular to initial tangent along the new 
line 

Ax' _ dpi/dx 
Az' " dpj/dz 



a d i s t a n c e 
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Az' = 
Ap 

/dp[ dp', dp./dx 

V d z ' '*' dx ' d p j / d z 

(8) 

T h i s c o r r e c t i o n [Eq. (8)] i s con t inued un t i l Ap fa l l s wi th in a s m a l l p r e s e t 
t h r e s h o l d . T h i s hunt p r o c e s s [Eqs . (6-8)] i s con t inued unt i l the e n t i r e 
con tou r i s t r a c e d out. A n a l o g o u s equa t i ons r e s u l t for the t o t a l m o l e c u l a r 
d e n s i t y o r for any l i n e a r c o m b i n a t i o n of m o l e c u l a r o r b i t a l d e n s i t i e s . 

THE C O M P U T E R P R O G R A M 

When the m o l e c u l a r o r b i t a l s a r e expanded in t e r m s of a l i n e a r 
c o m b i n a t i o n of s y m m e t r y e x p a n s i o n func t ions , the r e s u l t i s 

PiXa Ic. pX -''̂ pXa' 

w h e r e , for c o n v e n i e n c e , the e x p a n s i o n funct ions p o s s e s s the s a m e s y m m e t r y 
a s the m o l e c u l a r o rb i t a l . ^ Then E q s . (4) and (5) b e c o m e 

P(r ) = e - X A N i x I Z c i p X X p X a U ) ! (9) 

and 

PiXa(£) = e -N ixd-x'IZ^i pX XpXa(j:)|i . (10) 

w h e r e , in going f r o m E q s . (4) and (5), the s u m m a t i o n o v e r a h a s b e e n 
e l i m i n a t e d s i n c e i t y i e l d s d^ i d e n t i c a l c o n t r i b u t i o n s . Again , d ropp ing s y m ­
m e t r y i n d i c e s , Eq . (6) b e c o m e s 

Ax 
Az 

I 
Lpq 

\^ 
pq 

L 

C i p 

^^P 

^ . q 

^^q 

Xp 

'^. 

dXq 
dz 

dXq 

+ Xq 

+ Xq 

dXp\ 
dz 1 

dXpVl 

dx / 

J 

[11) 
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In this study, the expansion functions X used were the two cen te r - symmet ry 
Slater-type basis functions employed in SCF calculations described r e ­
cently.^ The derivatives of these functions can be evaluated in a s traight­
forward fashion. 

General automatic programs were constructed by the author for the 
CDC-3600 computer with an on-line DD 80 plotter (at Argonne National 
Laboratory), which automatically hunted and plotted a given set of contour 
values for a single or linear connbination of molecular orbitals 0i in the 
expansion form for either homonuclear or heteronuclear diatomic molecules. 
Using Eq. (10), a contour value was found and a contour line was hunted 
out by proceeding along the tangent [Eq. ( l l ) ] a small increment, and 
iterating perpendicular to the tangent (i.e., along the new line Ax'/Ay' = 
-Ay/Ax) until the contour value was relocated with 1%, By the repetition 
of this process , the entire contour was traced out. Straight-line segments 
were then plotted between adjacent points, thus yielding as computer time 
exposures the smooth-contour curves displayed in the figures. For the 
total density, Eq. (9) and its derivatives were used. 

The input to the program consists of the symmetry basis functions 
XpXa' '^^ orbital coefficients C, ;)^,''' the internuclear distance R, a ser ies 
of the contour values desired with the associated thresholds, and finally 
the physical scale in which diagrams are to be plotted. The output con­
sisted of 35-mm negatives of the diagrams presented in this v/ork. 

RESULTS AND IMPLICATIONS 

In Figs. 1-41, the contours of density associated with the homo­
nuclear diatomic molecules constructed from f irs t - row atoms are given 
on a consistent basis as defined in Table II. Both the total molecular 
densities and the orbital densities are displayed for each molecule at its 
experimental internuclear distance. 

The concept of a shell may certainly be visualized in t e rms of these 
distributions of the electrons assigned to that shell. In the contour dia­
grams, the difference between shells is clear as the difference in the value 
of electronic density in corresponding regions of space and in the overall 
pattern of contours. The difference between the shell and total densities 
of the various molecules as displayed in Table III is also of i n t e r e s t . " 

It is hoped that these contour diagrams of the shell model for 
these simple homonuclear diatomic molecules, H2, Liz, B2, Cj, Nj, O2, and 
F2, will prove to be useful symbols which will stimulate thought about 
chemical binding, steric hindrance, and bonding and antibonding orbi ta ls , 
in addition to providing a correct , more complete, and quantitative picture 
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of the shell model where only a rudimentary one, based pr imar i ly on hydro­
gen atom wave functions, existed before. 

In further use of these computational techniques, concepts and 
changes that a re best presented visually may be so presented. Such 
visual presentat ions have been quite limited in the past due to the prohib­
itive labor involved.' ' '^ The completely automatic programs developed in 
this work make it easy to analyze visually a very large amount of calcu­
lated data. Studies of interatomic forces and the formation of the chemical 
bond are underway in which these programs are being used to display the 
changes occurring in electronic charge density as a molecule f o r m s . " In 
a study of molecular ionization, these automatic contour programs are 
being used to i l lustrate directly changes in the molecular charge d i s t r i ­
bution with electron r emova l . " In other theoretical work, a pictorial d i s ­
play of configuration mixing also in progress provides a physical picture 
of wave-function improvements and electron correlat ion as produced by 
added optimal configurations. 

In closing, it should be pointed out that this work represents p r imar ­
ily the development of a new tool, namely, the synthesis of programming 
skill, high-speed digital computers, and linked analog devices into a 
medium capable of efficiently communicating certain types of new infor­
mation. Since many of us involved in la rge-sca le computational efforts 
are often swamped by our own computer output and are able to analyze 
competently only a small fraction of the potentially useful information we 
have generated, this problem of communication is well worth consideration. 
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T A B L E I. E l e c t r o n Conf igura t ion of M o l e c u l e s 

T o t a l 
M o l e c u l a r 

D e n s i t y M o l e c u l a r She l l s and Index to Contour D i a g r a m s 

H2 (1) l a | (2) 

Hej 10% lOu 

Li2 (3) l a | (4) lal, (5) 2 a | (6) 

Be2 l a | l a u 2 a | 2au 

B2 (7) l a | (8) laJi (9) 2 a | (10) 2 a ^ ( l l ) m ^ (12) 

C2 (13) l a | (14) l a ^ ( l 5 ) 2 a | (16) 2a?i(17) 1 < (18) 

N2 (19) l a | (20) l a ^ (21) 2 a | (22) 2a^ (23) \nti (24) 3 a | (25) 

O2 (26) la'g (27) l a ^ (28) 2 a | (29) 2aJi (30) ITT^ (31) 3 o | (32) n T | (33) 

F2 (34) l a | (35) l a ^ (36) 2 a | (37) 2a^ (38) ITT^ (39) 3 a | (40) lTr| (41) 

Ne2 l a ^ l a ^ 2 a | 2o^ U^ 3 a | lTr| 3( _ 

S u p e r s c r i p t of 2 or 4 i n d i c a t e s n u m b e r of e l e c t r o n s N.> occupying m o l e c u l a r she l l iX. N u m b e r of d i a g r a m 
is i n p a r e n t h e s e s to r i g h t of s y m b o l . F o r the TI" s h e l l s , which c o n s i s t of two d e g e n e r a t e m o l e c u l a r 
o r b i t a l s , a m o l e c u l a r o r b i t a l , con ta in ing half of the e l e c t r o n s in the TT she l l , h a s b e e n p lo t t ed . 

Spc ; c t r o s c o p i c 
D e n s i g n a t i o n 

' 2 + -^g 

n 
% 

'n 
3 y -
•^g 

' 2 + ^g 

' 2 + 
•^g 

3 y -
^ g 

' 2 + ^ g 

' 2 + 



T A B L E II. Key to Dens i ty C o n t o u r s in F i g u r e s 1-41 

A i 
6.1x10"' 0 2 5 

6,1x10"' 1,0 

6.1x10"' 1,0 

6-lxlO"' 1-0 

6.1x10"' 1,0 

6.1x10"' 1,0 

6,1x10"' 1,0 

6,1x10"' 1,0 6,1x10"' 7,81 xlO"' 

6,1x10"' 1,0 6.1x10"' 6 25x10"' 61 x 10"' 6,25 x 10"' 

61x10"' 1,0 6.1x10"' 2.5 X 10"' 

6 IxlO"' 1,0 6,1x10"' 2,5 X 10"' 

6,1x10"' 1,0 6,1x10"' 2,5 X 10"' 

6,1x10"' 1,0 6,I«I0"' 2,5 X 10"' 

6.1x10"' 125x10"' 

6,1x10"' 2.5 X 10"' 

61x10"' 2,5 X 10"' 

6-1 X10"' 2,5 X 10"' 

6.1x10"' 1.5 X 10"' 

6,1x10"' 6,26x10"' 

61x10"' 1,25x10"' 

6 1x10"' 125x10"' 

6,1x10"' 2-5 X 10"' 

61x10"' 2-5x10"' 

61x10"' 50x10"' 

61x10"' 5-0x10"' 

6-1 X10"' 1-25x10"' 

6-1 X10"' 2-5 X 10"' 

4 Density unit e"/(bohrr 

Ibohr 
The SHELL MODEL of MOLECULES 

Oiagroms 1-41 are contour diagrams of tt>e electron densities characteristic of the shell model of the molecules Hj .L i j , 

B j , CJ , N J , OJ, and Fj. Both the total moleculor density and the constituent shell densities are displayed at the experimental 

internuclear distance of each molecule. (Hej, Bej, and Nej which ore members of this homonucleor series are not bound 

in their ground state and therefore not displayed.) 

VALUE of CONTOURS 

The above diagrams indicate the general structure of each plot A lobels the lovvest contour value plotted ond B the 

highest contour value plotted in each molecule (except for the contours which rise to a value of 1.0 e"/(bohr)' inside the 2o-g and 

2iTu node). Adjacent contour lines differ by a factor of 2. Thus all contours plotted ore members of the geometric progression 

2"" e"/(bohr)' where N runs from 0 to 14. All plots ore in a plane passing through the two nuclei. Dotted lines indicate 

nodal surface. 
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Total 
3a-u 

Ne^ 'Zg. 
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Fig, 1. Hydrogen Total Molecular Density 



Fig. 2. Hydrogen lOg Orbital Density 
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Fig. 3. Lithium Total Molecular Density 
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Fig, 4. L i th ium lOp Orb i t a l Dens i t y 
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Fig. 5. Lithium la^ Orbital Density 
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Fig . 6. L i th ium 2ag Orb i t a l Dens i ty 
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Fig. 7. Boron Total Molecular Density 
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Fig. 8. Boron 1 o„ Orbital Density 
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Fig. 9. Boron 10^ Orbital Density 
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Fig , 10. Boron 20g O r b i t a l Dens i ty 
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Fig. 11. Boron 20^ Orbital Density 
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F i g . 12. Boron iTT̂  O r b i t a l Dens i ty 
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Fig. 13. Carbon Total Molecular Density 



30 

Fig. 14. Carbon la ' Orbital Density 
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Fig. 15. Carbon lo^ Orbital Density 
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Fig. 16. Carbon 2a„ Orbital Density 
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Fig. 17. Carbon 20^ Orbital Density 



34 

Fig. 18. Carbon ITT̂ ^ Orbital Density 
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Fig. 19. Nitrogen Total Molecular Density 
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Fig. 20. Nitrogen lOg" Orbital Density 
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Fig. 21. Nitrogen 10^ Orbital Density 
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Fig . 22. Ni t rogen 20g 'Orb i t a l Dens i ty 



39 

Fig. 23. Nitrogen Zo^ Orbital Density 
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Fig . 24. N i t rogen iTT^'Orbital Dens i ty 
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Fig. 25. Nitrogen 3ag Orbital Density 
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Fig, 26, Oxygen Total Niolecular Density 
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Fig. 27. Oxygen la„ Orbital Density 
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Fig . 28 . Oxygen l o ^ Grb i t a l Dens i ty 
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Fig. 29. Oxygen 2ag Orbital Density 
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Fig . 30. Oxygen Zo^ O r b i t a l Dens i ty 
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F i g . 3 1 . Oxygen ITT̂  O r b i t a l D e n s i t y 
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Fig. 32. Oxygen 3ag Orbital Density 
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F i g . 33 . Oxygen iTTg Orb i t a l Dens i ty 



50 

Fig. 34. Fluorine Total' Molecular Density 
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Fig. 35. Fluorine iQg Orbital Density 
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Fig. 36. Fluorine la^ Orbital Density 
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Fig. 37. Fluorine 2a Orbital Density 
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Fig. 38. Fluorine 2a^'Orbital Density 
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Fig. 39. Fluorine iTT̂  Orbital Density 
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Fig. 40. Fluorine 3ag'Orbital Density 
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Fig. 41. Fluorine iTTg Orbital Density 
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